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Two methods are described for producing a fibre diagram of a given structure by superimposing 
the diffraction patterns of a number of projections of the structure. An expression is obtained for 
the minimum ntunber of projections required for a faithful representation of the fibre diagram. 

An X-ray fibre diagram, like a rotation photograph 
of a single crystal, is the result of superimposing dif- 
fraction patterns of the fibre unit in all orientations 
which have the fibre axis in a given direction. If we 
wish to use the diffraction spectrometer (Hughes & 
Taylor, 1953) for producing a fibre diagram of a trial 
structure, we must obtain projections of the structure 
on all planes parallel to the fibre axis and superimpose 
the diffraction patterns of these projections. In 
practice, of course, we can use only a finite number of 
projections; the minimum permissible number is dis- 
cussed below. The first question that  arises is how to 
superimpose the diffraction patterns that  are obtained 
optically. Two simple methods are proposed here: 

(1) A number of projections of the structure are 
prepared, and are punched on separate masks. Each 
mask is inserted in the diffraction spectrometer for the 
same length of time, and a photographic film is ex- 
posed to the diffraction patterns so that  the intensities 
of diffraction of all the patterns are added together on 
the film. Each mask must be inserted in the diffrac- 
tion spectrometer with its fibre axis parallel to a fixed 
direction in the apparatus, otherwise the result will 
be a disoriented fibre diagram. This method has the 
disadvantage that  the fibre diagram cannot be viewed 
directly. 

(2) A number of projections of the structure are 
plotted out, and all are punched on the same mask 
with their fibre axes parallel. They must be distributed 
fairly widely over the useful area of the mask, with 
blank areas between them of at least the same order 
of width as the diameter of the structure itself. The 
resulting diffraction pattern will be crossed by fine 
fringes due to interference between one projection, 
taken as a whole, and another; but if the resolving 
power of the instrument is made insufficient to detect 
these fringes (by making the source pin-hole just large 
enough to blur out the fringes) then the resulting 
pattern will be the result of adding the intensities 
(not the amplitudes) of the separate patterns. I t  is 
essential that  the intensity of illumination be uniform 
all over the mask, otherwise some projections will 
contribute more to the final pattern than others. 

This method can be used for viewing the fibre pat- 
tern directly, but it suffers from the disadvantage that 

each projection can occupy only a small fraction of 
the area of the mask, and so, with a given minimum 
size of punch, the number of atoms that  can be 
represented without overlapping is much smaller than 
in method (1). 

We must now consider how many projections are 
needed to give a fibre diagram sensibly the same as 
that  given by an infinite number. This depends on the 
size of the region of reciprocal space to be covered. 
An empirical approach to the problem is to take a 
number of projections at equally-spaced angular inter- 
vals and photograph their superimposed diffraction 
pattern; then to take the same number of projections 
in directions mid-way between the first set of direc- 
tions and photograph their diffraction pattern. For 
instance, the first set of projections might be made at 
angles of 0, 45, 90, 135 ° to a fixed direction (the 
pattern repeats itself after 180°), and the second at 
22½, 67½, 112½ and 157½ °. I t  will be found that  the 
two patterns will be identical within a certain distance 
from the meridional axis, and will differ outside this 
region. This is illustrated in Fig. 2(a) and (b), which 
shows the diffraction patterns of two projections of 
a helix with eight 'atoms' per turn, as in Fig. l(a) 
and (b). Since rotation of this helix through 45 ° does 
not change the projection, a single projection will give 
the same result as four at 0, 45, 90 and 135 °. We call 
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(a). (b) 
Fig. 1. Two projections of a helical structure. 
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The fibre diagram represents the average of this func- 
t ion over all yJ from 0 ° to 360 °, and we want to find 
under  what  conditions the average over a given num- 
ber of discrete values of y~ will be near ly  equal to the 
continuous average• We can do this if we represent the 
expression (1) by  its Fourier  series with respect to 9 ;  
this  is 

Fig. 2. (a) and (b). Diffraction patterns of the projections shown 
in Fig. l(a) and (b) respectively. 

see tha t  the diffraction pat terns  are similar  in the 
region between the parallel  lines, but  differ outside 
this  region. We m a y  assume tha t  each diffraction 
pa t te rn  represents the fibre diagram rel iably inside 
the region indicated, but  not outside this  region. If  
we superimpose the pat terns  in Fig. 2(a) and Fig. 2(b). 
we should expect the result ing pa t te rn  to be reliable 
over a wider region, and the analysis  given later  will 
confirm this. 

Fig. 3(a) shows the result  of superimposing the two 
diffraction pat terns  photographical ly,  while Fig. 3(b) 
shows the result  of using the second method  described 
above; here the fringes crossing the pa t te rn  can be 
seen clearly. 

The question of the number  of projections can be 
approached analy t ica l ly  as follows. Let  P(r,  c£, z) be 
the Pat terson function of the structure at  a point  
whose cylindrical  coordinates are (r, q~, z). The in- 
tensi ty at a point  in reciprocal space with cylindrical  
coordinates (~, 9, ~) is then proport ional  to 

I = I P(r ,  9, z) .exp [2~i(r~ cos ~ cos y~ 

+ r~ sin ~ sin yJ + z$)] r. dr. def. dz 

-- I P(r ,  qg, z) .exp [2~i{r~ cos (y~-~) +z~}] 

× r . d r . d c f . d z .  (1) 
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Fig. 3. (a) Superimposed diffraction patterns of projections 
shown in Fig. l(a) and (b). 

(b) Diffraction pattern of the projections in Fig. 1 placed 
side by side. 

I(~, ~fl, ~) = A o + A  1 exp (iyj)+A~ exp (2 iyJ )+ . . .  
+ A _  1 exp ( - i y J ) + A _  2 exp ( - 2 i y J ) + . . .  , (2) 

where 

n = I P (r, 9, z). exp.  in (½ze- q~). Jn (2xr~) A 

x exp ( 2 x i ~ z ) . r . d r . d g . d z ,  (3) 

in  which Jn(x) is the nth-order Bessel funct ion of the 
first kind, which, by  one of its definitions, is equal  to 
the n th  Fourier  component  of exp (ix sin 9)- 

If  we take the average of I(~, yJ, ~) as expressed in 
(2), over n equal ly  spaced values of ~fl, we obtain 

I(~, ~) = A o + A  n exp (inv2')+A2, ~ exp ( 2 i n y / ) + . . .  
+ A _ n e x p  ( - invQ ' )+A_2nexp  ( - 2 i n y / ) + . . .  , (4) 

where y/ is the angle made by one of the projections 
(it is immater ia l  which) with the s tandard  direction. 
This will be independent  of yJ' and equal to A 0, the 
true average, if A n and all higher-order Fourier  coef- 
ficients are negligibly small. 

:Now Bessel functions have the proper ty  tha t  Jn(x) 
is negligibly small  (as m a y  be verified from tables) 
for all values of x less t han  about  n - 3 ,  for the range 
of values of n in which we are interested. I t  follows 
from equat ion (3) tha t  An is negligibly small  for all 
values of ~ such tha t  

2~r~ < n - 3  (5) 

for the largest value of r encountered in the Pat terson 
diagram of the fibre structure, tha t  is, if 

2~D~ < n - 3 ,  (6) 

where D is the diameter  of the s tructural  unit.  
If  ~m~. is the largest value of ~ for which the pa t te rn  

is correct, its reciprocal will be drain., the  smallest 
spacing tha t  can be correctly represented. The smallest  
value of n tha t  we can use is 

n = 2~D/dmin. + 3 . (7) 

I t  m a y  be more convenient  to express this in terms of 
the m a x i m u m  angle ~ = 27~/n between the projec- 
t ions; the relat ion then  becomes 

1 D 3 
- -  i . 

0¢ dmin + 27g (8) 

In  the example  i l lustrated in Figs• 1 and 2, n - 8, 
and we should therefore expect 

2xeD/dmin. = 5 .  

In  Fig. 2 the parallel  lines have been drawn at 

2TeD/drain. = 6 
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(that is, at 2~r0~ = 3, where r 0 is the radius of the helix) 
and equation (7) is therefore a little too stringent when 
applied to this case. 

An interesting feature of Fig. 3(b) is that  distinct 
fringes appear in the regions in which Fig. 2(a) and 
Fig. 2(b) are identical, but not in all other regions. In 
particular, there are no fringes on the fourth layer line, 
since one of the diffraction patterns contributes 

nothing to this layer line. Thus the pattern in Fig. 3(b) 
tells us something about the variation of diffracted 
amplitude with v 2 as well as giving the mean intensity 
as v 2 is varied. 
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For a centrosymmetr ic  s tructure of all like atoms, a series of relations between structure factors is 
derived. The relationship of these results to the  H a u p t m a n  & Karle  statistical formulae for struc- 
ture-factor sign de termina t ion  is indicated;  but  an impor tan t  difference in the  statistical weight  of 
one formula leads to a relation, recently given also by Cochran, for the signs and  magni tudes  of 
certain structure factors. 

Much attention is focused at the present time on the 
application of statistical methods to the derivation of 
relationships between structure factors. Some of these 
relationships, or their equivalents, can, however, be 
derived by direct trigonometrical manipulation when 
the structure consists of all like atoms. For small 
departures of the atomic scattering factors from their 
mean, the relationships remain statistically true for 
a structure of unlike atoms. In this note a set of rela- 
tions similar in form to those derived by Hauptman & 
Karle (1953, 1954) will be derived trigonometrically. 

In P1 the structure factor Fh is given by 
N/2 

Fh = 2 ~ f j h  COS (2~h.xj) , 
i=1 

where h.  x i -= hxj÷Icyj÷lzj.  

A normalized structure factor Eh may then be defined 
by / /  ~v 2 \½ 

When all the atoms in the cell are of like kind, in PI, 

2 2v12 
Eh ---- ~-~ .=2~ cos (2~h. xj) . 

Hence 
4 ~/2 1v/2 

E~ = ~ ~ ~ cos (2~L.xi) cos (2~L.xi),  
i=1j=1 

and therefore 
8 

N½(E•-I) = E2L + -ffi SL , [A] 

where 
SL = ~ cos (2sL.xi) cos (2sL.xj) . 

i > j  

[A] has been given in terms of Fh/fh by Cochran 
& Woolfson (1954). ( E ~ - I )  is a sharpened Patterson 
coefficient which [A] shows to be composed of con- 
tributions from vector peaks relating to vectors 
through the centre of symmetry via E2L, and to the 
remaining vectors via SL. 

Hughes (1953) has derived Sayre's (1952) relation 
in terms of unitary structure factors. In terms of 
normalized structure factors this relation is 

1 
(EhlEh~} = ~-~ EL, [B] 

hl+h2=L 

where the left-hand side is the arithmetical mean of 
all products EhlEa2, formed subject to the condition 
h l + h  2 = L. 

Hughes's method may be extended to derive rela- 
tionships between intensities. By [A] 

N(E~I -  1) (E~2-1) 
8 64 

: E2hlE2h2+ ~ (E2hlSh2+E2h2Shl) + .~--" ShlSh 2 , 

and therefore 

N((E~ - 1)(E~2-1)) -- (E2h,E2h2) 

64 (ShuSh2) (1) d_ 8 (~W2hlSh2)_{_(E2h2Shl))_L_~_ 
' N½ , , 

where the means are formed subject to 2hl÷2he=2L.  


